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Nonlinear Damping Estimation from Rotor Stability Data
Using Time and Frequency Domain Techniques

Frederick Tasker* and Inderjit Chopraf
University of Maryland, College Park, Maryland 20742

For estimating equivalent damping characteristics from transient response data involving nonlinear damping,
modifications to two stability testing methods, the moving-block technique and the sparse time domain method,
are presented and verified by the use of numerical simulations. Effects of large undamped response and noise
on the performance of these techniques are evaluated for quadratic and coulomb dampings. It is concluded that
equivalent damping characteristics may be identified from sampled, multimode and noisy nonlinear transient
response data using modified versions of the moving-block analysis and the sparse time domain method.

Nomenclature
A = initial amplitude of free decay response
a(t) = instantaneous amplitude of free decay response
ak = real part of discrete Fourier transform at kih

harmonic
b = vector of backward prediction coefficients
bk = imaginary part of discrete Fourier transform at

kth harmonic
F(<J),T) = moving-block function
H = upper Hessenberg system matrix
M = number of rows in data matrix
TV = number of assumed modes in response
Nb = number of samples in discrete Fourier transform
T = time duration of block
U = M x M matrix of left singular vectors
V - 2N x 27V matrix of right singular vectors
x(t) = vector of responses at time t
a. = diagonal matrix of eigenvalues in exponential form
e = coefficient of quadratic damping
f = viscous damping ratio
feq(0 = equivalent viscous damping ratio
A = Vandermode signal matrix
X/ = eigenvalue of /th mode
^eq(0 = instantaneous value of decay coefficient
IJL = coulomb damping force
w = frequency, rad/s
£ = matrix of singular values
a = singular value
T = time origin of data block
$ = data matrix
Mr = modal matrix

Introduction

T HE aeroelastic stability of a helicopter rotor is determined
by the coupling of complex aerodynamic, structural, and

inertial forces. It is well recognized that nonlinear effects are
quite important in rotor stability phenomena. In a rotor stabil-
ity test, typically a few transient response records at a particu-
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lar trim setting are taken. The stability data often exhibit large
scatter, partially attributed to nonlinear damping characteris-
tics. Because of the high cost and safety hazards involved with
wind-tunnel testing of rotor models, stability testing is gener-
ally performed under strict time constraints. This means that
experiments cannot be repeated a sufficient number of times to
ensure reliable averaging. Also, the presence of close modes,
low signal-to-noise ratios, impulsive forcing due to stalled
flows, and the rotating environment further aggravates the
identification of damping characteristics. The task of estimat-
ing the damping of any mode for a rotor model is further
complicated by the presence of substantial amplitudes of har-
monics of the rotational speed. Furthermore, it is quite diffi-
cult to excite a mode in the rotating environment. It is there-
fore a challenging task to identify damping and frequency
from the response data.

A good example of the difficulties associated with rotor
stability testing is the survey conducted by Warmbrodt.1 In this
survey, several major helicopter companies were asked to de-
termine damping from the same transient response data. The
data were collected from the stability testing of helicopter
rotor models in wind tunnels. It was interesting that each
company, using their own analysis techniques, came up with
different estimates for the low-frequency, low damped chord-
wise mode damping. It could not be concluded which one of
the techniques yielded better estimates. If a stability analysis is
to be validated through the correlations of calculated and mea-
sured results, then it is essential that the damping of modes
must be identified accurately from measured response data.

In a transient test, one approach is to give an impulsive
motion to a blade through the pitch-control system, and then
record the subsequent free decay response from a pickup
mounted on the blade. Another approach is to excite the blade
at a discrete frequency through the pitch-actuation system and
then impulsively cut off the sinusoidal forcing for the free
response. In the rotating environment, the second approach is
generally adopted. It also can help to identify higher modes.
The recorded transient response data are then analyzed by one
of various techniques. Transient techniques are usually pre-
ferred for rotor stability because of the minimal amount of
instrumentation and data record needed, and also they require
less test time.

A number of techniques exists in the literature for detection,
characterization, and identification of nonlinearities (a survey
of this topic is given in Ref. 2). Detection methods include
monitoring of parametric changes with force levels, reciprocity
checks, Hilbert transform operations, polyspectral analysis,
and Kennedy-Pancu plots. Some of these methods may also be
used to characterize nonlinearities. For example, Nayfeh3 sug-
gested several types of experiments based on parametric varia-
tions to characterize nonlinear behavior, and Lai4 discussed
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the use of polyspectra and higher-order statistical moments,
such as skewness and kurtosis, for detecting quadratic and
cubic nonlinearities.

Identification of a nonlinear system may be parametric or
nonparametric. Parametric identification proceeds from a
well-defined model having unknown parameters. This model
may be obtained from the physics of the system, or as a result
of an extensive characterization study.3'4 Well-known tech-
niques for determining the unknown parameters include non-
linear least squares,5 extended Kalman filtering,6 and nonlin-
ear regression models that are linear in the parameters.4'7

In nonpar ametric identification, the model is more general
(and usually less parsimonious) to account for the lack of prior
information. This method is not based on the physics of the
system that is being identified, A common example is a discrete
Fourier transform, which is a nonparametric representation of
a time series in terms of a set of sine and cosine functions.
Another nonparametric method for identification involves the
use of Volterra and Weiner kernels; these are, however, pro-
hibitively expensive to use. Masri and Caughey8 expanded the
nonlinear restoring force of a single-degree-of-freedom system
in terms of Chebyshev polynomials. This is a force-state map-
ping technique. Udwadia and Kuo9 generalized this method to
multi-degree-of-freedom systems and also incorporated other
orthogonal polynomials. These methods make use of velocity
and displacement measurements that may be obtained by inte-
grating acceleration measurements. However, accelerations
cannot be easily measured in a helicopter rotor stability test.
Hadjian et al.10 has given a review of methods for calculat-
ing equivalent damping from nonlinearly damped systems.
Transient methods that are frequently used for the estimation
of equivalent damping are better suited to the analysis of sin-
gle-degree-of-freedom analog response. Such methods are not
well suited to multimode, noise corrupted, sampled data. In
the present paper, improved digital transient data analysis
techniques are used. These enable good estimation of parame-
ters from short segments of data. It is then possible to obtain
better "instantaneous" linear estimates from multimode,
noisy transient response data, which are representative of ro-
tor stability data.

The moving-block technique11'12 is the most commonly used
stability measurement approach in the rotor craft industry. It is
a simple technique and can be easily implemented for on-line
data analysis. The authors13 introduced several modifications
in this technique in order to make it efficient and accurate for
the analysis of rotor stability data. This modified method was
successfully applied in an on-line stability analysis of a model
bearingless rotor in the Glenn L. Martin wind tunnel at the
University of Maryland.14

Another transient stability measurement approach is the
sparse time domain (STD) technique,15 a modified version of
the Ibrahim time domain (ITD) approach. The ITD approach
has been applied to a wide variety of test structures and has
been found to be an accurate technique to identifiy modal
characteristics. It is implemented by forming two response
matrices, one being the reference matrix and the other the
shifted matrix in time. The natural frequencies and damping of
various modes of the test structure can be obtained from an
eigenanalysis of the system matrix formed from these two
matrices. In the sparse time domain method, the system matrix
is reduced to the upper Hessenberg form, which substantially
simplifies the computation of the eigenvalues. Furthermore,
the application of a singular value decomposition solution to
this technique causes a reduction in the variance of the esti-
mated parameters.13'16 The application of this scheme to a
recent stability test of a bearingless rotor revealed that the
computational time needed to reduce data was quite substan-
tial. To overcome this problem, the eigenvalue problem was
modified to compute only the structural modes from the
over determined system matrices. It was accomplished by using
the method of simultaneous vector iteration for unsymmetrical
matrices that helped to reduce computation time. In fact, one

is able to obtain reduced variance estimates with negligible
increase in computation time.

This paper discusses the application of these two techniques,
moving-block and modified STD, to the estimation of nonlin-
ear damping characteristics in the rotating environment. Two
nonlinear damping models, quadratic and coulomb damping,
are studied through numerical simulations. The effects of sev-
eral parameters on damping identification are examined, in-
cluding noise level, content of close harmonics, data length,
and block size.

by

Moving-Block Analysis
The finite Fourier transform of a damped sinusoid is given

F(W,T) = (1)

where o>n is the natural frequency, ud is the damped natural
frequency, and T is the record length. The natural logarithm
of the moving-block function F(U,T) may be evaluated approx-
imately at a; = o>w «co</ and for f<^ 1.0 to give

where

-e-t<aaT)t sin(2o> „ r + 20)

(3)

This implies that the plot of Ai|F(con,r)| against r would be a
straight line of slope - fo>w with a superimposed oscillatory
part of frequency 2o>n.

A moving-block implementation consists of calculating the
natural logarithm of the amplitude of the spectrum at a speci-
fied frequency, and then shifting the origin of the data block
for subsequent times. A straight line is then fitted to the result-
ing logarithmic plot of amplitudes with time.

The calculation of the spectral amplitude at the frequency of
interest can be accomplished by two methods. The first is to
use the fast Fourier transform (FFT) algorithm and then move
the origin of the transform block. This method, although very
efficient, calculates the spectrum at more frequencies than
needed. Another method is to use the direct truncated Fourier
transform at the specified frequency, but this is time consum-
ing. A better and efficient approach is to use Hamming's local
Fourier series solution12'13 that significantly cuts down on the
computation time. It is a recursive technique for calculating
the Fourier coefficients for slowly time-varying signals.

Following Hamming's derivation,17 the Fourier coefficients
at time (r+ 1) can be shown to be

ak(r+ 1) = ak(r) cos(2irk/Nb) + bk(r) sm(2<jrk/Nb)

+ (2/Nb) [x(Nb + T) cos[2irk(Nb - l)/Nb]

- X(T) cos(2irk/Nb)] (4)

bk(T+ 1) = bk(r) cos(2irk/Nb) - ak(r) sm(2irk/Nb)

+ (2/Nb) [x(Nb + T) sm[2irk(Nb - l)/Nb]

+ x(r) sm(27rk/Nb j (5)

These reduce to the results of Ref. 17 when k is an integer.
The preceding form is more general since it can also handle
noninteger harmonics. This is useful because the estimated
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damping ratio is sensitive to the frequency at which the analy-
sis is performed.12 Also,

(6)

One major concern with the use of the moving-block
method for analysis with close modes is leakage.12 Leakage
occurs when the signal to be transformed is truncated. This is
equivalent to multiplying the signal with a boxcar window.
This multiplication corresponds to the convolution of the spec-
tra of the boxcar window with that of the signal. Energy is said
to have leaked from the frequency of interest to other frequen-
cies. It was concluded in Ref. 12 that the use of the Manning
window offers significant improvements in the estimation of
the damping of close modes by the moving-block method. Its
use, however, was hampered by the substantial increase in
computation time resulting from the recursive formula given
by Eqs. (4) and (5) not being valid when the data are multiplied
by a window function. It then becomes necessary to calculate
the moving-block function by the direct truncated Fourier
transform, and this can be substantially slower (typically
about 30 times) than the recursive technique without window-
ing. In Ref. 13, the authors modified the recursive formula for
a Manning window. This leads to computation times quite
comparable to moving-block analysis done without a window.

The damping ratio is usually obtained from the natural log-
arithm of the moving-block function by fitting a least-squares
line to a selected part of the data. In a rotor system, there are
two sources of damping—structural and aerodynamic. A
blade undergoing coupled motion in forward flight is exposed
to a complex aerodynamic environment which results in a
nonlinearly damped system. Depending on the flight condi-
tion, these nonlinearities may be significant. It is of interest to
know the actual damping behavior of the system before it is
averaged out by the processing algorithms.

In this paper, the moving-block analysis technique is
adapted to process small blocks of data in order to obtain the
detailed damping variation with amplitude. The damping is
determined in terms of an equivalent viscous damping. The
equivalent damping at various times is determined from the
slope of short intervals of the logarithm of amplitude plot. The
factors that critically affect the performance of this technique
are then studied.

Sparse Time Domain Technique
The STD technique is a multiple output, multi-degree-of-

freedom technique for estimating the modal parameters from
transient response data.15 This technique may be considered as
an extended Prony method for multi-output data.

The free response of a viscously damped lumped parameter
system may be written as

2N

7=1
(7)

where fy is the jth mode shape and Ay is the y'th eigenvalue,

(8)

fj is the damping ratio of j th mode and co/ is its natural fre-
quency. Equation (7) may be written at different time instants
as

where A/7 =eXitJ . These may be written as

[*] = [*HA] (9)

If the response matrix is shifted by A/, then Eq. (9) becomes

[*] = [*] [A] (10)

where

[A] = [a] [A]

and oiu = eXiAt which leads to

and

(11)

(12)

(13)

[H] is the solution of [$][//] = [4>] and Eq. (13) is its eigen-
value/eigenvector decomposition. From the structure of [$]
and [$], [H] is an upper Hessenberg matrix15 and only its last
column contains useful information. All other elements of this
matrix are zero with the exception of entries on the lower
diagonal which are unity. Solving for the last column of [H]
leads to

(14)

where {^N} is the last column of [$]. From Eq. (13), the
eigenvalues of [H] are ex/A/ and the eigenvectors are the
columns of [A]"1. Using Eq. (8), the natural frequency and
damping factor of each mode may be obtained from its eigen-
value, and the mode shape may be determined using Eq. (9).

Equation (14) can be written for a single response location
by the use of pseudostations15 which are the actual response
locations delayed in time. This leads to

*(!+/)

x[l+'2Nl + (M-

(15)

where / is the number of sampling intervals between columns
in the data matrix, and'/? is the number of sampling intervals
between rows. It turns out that the preceding linear prediction
type of equations occur in a variety of fields, and different
computational techniques have been utilized to solve them.
These equations are in the backward prediction format. The
use of the singular value decomposition (SVD) procedure for
the solution of these equations involving damped signals and
noise was demonstrated in Ref. 16. It was observed that the
backward prediction arrangement caused the signal eigen-
values to fall outside the unit circle whereas the extraneous
modes remained within it. This is desirable in the identification
of the primary modes of the response signals, from those
due to noise. Singular value decomposition extends this favor-
able eigenvalue arrangement to high noise levels and also re-
duces the variance of estimated frequencies. The use of SVD
with backward prediction was applied in Ref. 13 for the esti-
mation of the damping value of exponentially (linearly)
damped sinusoids in the presence of large undamped responses
and noise. This example is of particular interest to rotary wing
stability testing.

The SDV of the data matrix in Eq. (14) is given as

(16)

where £ is a diagonal matrix (M x 27V) with the singular values
arranged in descending order. In the case where the data are
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not contaminated with noise, the rank of [$] would be exactly
equal to twice the number of structural modes present in the
data. With the presence of noise, the matrix is of full rank. The
solution of the matrix equation becomes

(17)

To obtain [£]+, all of the singular values corresponding to the
noise subspace are set to zero. This procedure removes the
contribution of the noise subspace eigenvectors from the solu-
tion of the equations. In other words, the columns of £7 and V
corresponding to the deleted singular values do not participate
in the solution. Application of this technique to rotor sta-
bility testing has shown the need to increase the computational
efficiency.

It is unnecessary to compute all the eigenvalues of [H]. By
using the backward prediction technique, the structural modes
fall outside the unit circle, whereas the noise-related modes are
constrained to remain inside it by the SVD solution. This
means that the structural modes have the largest eigenvalue
magnitudes. A simultaneous vector iteration scheme18 for un-
symmetric matrices is then used to compute the largest eigen-
values. This method consists of a premultiplication stage in
which a trial set of vectors are multiplied with the matrix and
a reorientation stage in which an interaction matrix is calcu-
lated and its eigensolution is obtained. Convergence of the
partial eigensolution terminates the procedure. The speed of
convergence of this method is, however, dependent on the
separation of the computed eigenvalues from the other eigen-
values of the matrix. Although the [H] matrix is very sparse,
and therefore ideal for iterative methods, it was found that the
small separation of eigenvalues caused very slow convergence
times. For example, a typical spread of the eigenvalue magni-
tudes for structural modes at 9, 7, and 5 Hz, all with 1%
damping and a sampling frequency of 20 Hz, would be 1.0287,
1.0222, and 1.016, and the extraneous modes would typically
have magnitudes ranging from 0.98-0.9. A simple technique to
improve convergence is to begin the iterations using the right
singular vectors [V] obtained in the solution of the linear
prediction equations. This method was found to give rapid
convergence to the partial eigensolution. The implication of
fast solution of the eigevalue problem is that higher orders of
the data matrices may be used, resulting in improved damping
estimates.

Application of this method will help to determine the non-
linear damping characteristics by using short durations of the
transient response data. This short time window is then moved
across the data to calculate damping for all times.

Simulation Results
Consider a linearly damped response

x(t) = (18)

where cow =2?rx9 rad/s and f=0.01. The data set was gener-
ated with a sampling frequency of 409.6 Hz. Figure la shows
the estimated damping as a function of time, calculated using
the moving-block analysis with short intervals of the moving-
block function. The block size used to compute the moving-
block function is 50 samples and the local damping is deter-
mined by fitting a curve to a small set of points contained in
one period of the frequency of interest (1/9 s). This shows that
even for a linear damping case, the use of short intervals of the
moving-block function deteriorates the damping estimates be-
cause of the superimposed oscillations that occur at twice the
frequency of analysis. These oscillations are particularly severe
if the Hanning window is not used. An increase in block size
from 50-100 samples gives a better estimate of damping as
shown in Fig. Ib. This illustrates that the oscillations are con-
siderably reduced by using a large block size. This can also be
deduced from Eq. (3) by making T large. The use of a Hanning
window improves the damping estimates for both block sizes.

It is therefore important to use the Hanning window for the
implementation of moving-block analysis with a small block
size. This is especially recommended since the windowing in
moving-block analysis is amenable to recursive computation.13

Subsequent results are obtained with a Hanning window.
The performance of the short-period moving-block analysis

when applied to a response with quadratic damping is shown
in Figs. 2a and 2b, respectively, for block sizes of 100 and 200.
The calculated damping value typically represents an average
value for the data block. Therefore, there is a choice of time
assignment for the instantaneous damping. In the present fig-
ures, two time assignments are shown, one at the middle of the
data block and the other at the end of data block. For simula-
tion, the response is generated numerically by integrating the
following differential equation:

x + ebt|Jt + uix = 0 (19)

In the simulations, e = 0.005 is used. The analytical values of
equivalent damping at different times are generated by the
method of equivalent linearization,20 which is also known as
the method of slowly varying amplitude and phase. Assume
the response of the system as

(20)

Then with the assumption that within a time period (2ir/un)
the amplitude and phase are approximately constant, it can be
shown for quadratic damping that

a(t)= - (21)

mmmmufn!
Correct Value

Time (sees)
Fig. la Equivalent damping estimation using moving-block analysis
(block size = 50, viscous damping f=0.01, frequency = 9 Hz).
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Time (sees)

Fig. Ib Equivalent damping estimation using moving-block analysis
(block size = 100, viscous damping f=0.01, frequency = 9 Hz).
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Fig. 2a Equivalent damping estimates for quadratic damping using
moving-block analysis (block size = 100, analysis frequency = 9 Hz).
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Time (sees)

Fig. 2b Equivalent damping estimates for quadratic damping using
moving-block analysis (block size = 200, analysis frequency = 9 Hz).

(22)

(23)

(24)

d(t) =

The solution of Eq. (21) is

a(t) =

which gives

feq(0 = (4/3T)e*(/) =

It can be seen that the moving-block method gives a good
description of the damping mechanism in spite of the small
block size used (100 samples). The superimposed oscillations
are small. The effect of using a finite block size to evaluate the
envelope, and hence the damping, occurs at the beginning of
the analysis where details may be missing due to averaging over
the length of the block. To make a comparison with the analyt-
ical values, it is important to correctly assign a time value to
each damping estimate. Usually the time assigned to an esti-
mate is the time of the last datum used in obtaining that
estimate21 (i.e., the end point of block size). From the figures,
it is quite clear that the damping estimation is represented
better if the time is assigned to the midpoint of the block
size. Again, the damping estimation improves with a larger
block size.

Results obtained using the STD analysis for the same
quadratic damping response are shown in Fig. 3. This shows
that in spite of using a smaller number of samples (48 sam-
ples), the character of the damping is predicted very well.

Applications of the techniques to a coulomb-damped re-
sponse are examined next. The response is generated numeri-
cally by integrating the following equation:

where cow = 2ir x 9 rad/s and \L - 300. Estimated dampings with
time are shown in Fig. 4. Here the analytical values of equiva-
lent damping are obtained as

(26)

It can be seen that both techniques are able to predict the
proper damping characteristics from the transient response.
Again, for this system the STD technique appears superior in
spite of smaller block size. For the coulomb-damped case, the
equivalent damping increases with decreasing amplitude,
whereas for quadratic damping it decreases.

o.
Eo
Q

E

——— Analytical Values
———. STD 48 Samples/Estimate

Time (sees)
Fig. 3 Equivalent damping estimates for quadratic damping using
sparse time domain method (data matrix size = 48 samples).
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• Sparse Time Domain Method
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• Analytical Values

Time (sees)
Fig. 4 Equivalent damping estimates for coulomb damping, using
sparse time domain, data matrix = 48 samples and moving-block anal-
ysis, block size = 100 samples.
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Fig. 5 Effect of undamped response on the estimation of equivalent
damping for quadratic damping using moving-block analysis (fre-
quency =9 Hz, undamped mode = 13.6 Hz).
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Effect of Close Modes
In a helicopter in forward flight, the periodic aerodynamic

environment at the rotor disk leads to the generation of forces
on the blade consisting of harmonics of the rotational fre-
quency. The resulting undamped response may be simu-
lated by the addition of an undamped sinusoid to transient
response data. To investigate the effect of a forced response,
an undamped sinusoid was added to a quadratically damped
response and the damping was estimated using both the mov-
ing-block method and the STD technique. This undamped
response is at 13.6 Hz, whereas the frequency of interest is 9
Hz. These frequencies are chosen to respectively represent the
rotating speed and the lag-mode frequency of a particular
Froude-scaled bearingless rotor model. The initial amplitudes
of both modes are equal. In spite of the fact that the undamped
mode is well separated from the frequency of interest, the
moving-block results shown in Fig. 5 are significantly affected
by the leakage from the undamped response. This shows up
as a beat frequency of 4.6 Hz on the damping plot and ob-
scures the correct trend. Because of the scaling, the time
variation of the analytical equivalent damping is not clearly
visible in this figure. Here a large leakage effect is a result of
the small number of samples used to estimate the moving-
block amplitudes.

Better results are obtained for this case by using the STD
technique with fewer number of samples and the results are
shown in Fig. 6. This is because time domain methods are not
affected by leakage. For these results the data matrix $ is
chosen to be a square matrix. Two block sizes consisting re-
spectively of 48 and 60 samples per block are selected. Al-
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Q 2

(0
D
O
Ow 1
>

o -

——— Analytical Values
............ STD, 48 samples/estimate
———• STD, 60 samples/estimate

Time (sees)
Fig. 6 Effect of undamped response on the estimation of equivalent
damping for quadratic damping using sparse time domain method
(frequency = 9 Hz, undamped mode = 13.6 Hz).
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Fig. 7 Spectrum of equivalent damping estimates of quadratic damp-
ing using sparse time domain method (48 samples/estimate).
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Fig. 8 Effect of additional mode on the estimation of equivalent
damping for quadratic damping using sparse time domain method
(60 samples/estimate, frequency = 9 Hz, undamped mode = 13.6 Hz).
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Fig. 9
sparse

0 1 2
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Equivalent damping estimates for coulomb damping using
time domain analysis.

though both block sizes essentially capture the damping trend,
significant superimposed oscillations may be observed on the
damping estimates obtained using 48 samples. Comparing
with Fig. 3, which was also obtained using the 48 samples per
block but without addition of the undamped sinusoid, one
concludes that undamped response plays an important role in
the identification of system damping. To examine the fre-
quency contents of this damping plot, spectrum analysis of
Fig. 6 is made and it is plotted in Fig. 7. It reveals certain
dominating frequencies (18 and 36 Hz) at even multiples of the
primary frequency. These frequencies are the frequency sepa-
rations between the primary frequency (9 Hz) and its harmon-
ics (27, 45 Hz, etc.). The oscillations are therefore caused by
the linearization of the response within each block. This means
that the nonlinearities are transformed into deterministic per-
turbations at harmonics in the linear solution. The characteris-
tics of these perturbations then show up as fluctuations in
estimated damping. From a previous study for linear viscous
damping,13 it was seen that the addition of an undamped re-
sponse increased the sensitivity of the STD method to noise.
For the case with nonlinear damping, the nonlinearities behave
like noise in degrading the damping estimation and this ex-
plains the difference between Figs. 6 and 3. Therefore, to cover
the influence of nonlinearities, one needs to include some of
the singular values that would typically be associated with
noise in Eq. (17). For example, for the case of quadratic damp-
ing, if two more singular values (equivalent to a mode) are
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Fig. 10 Estimation of equivalent damping for quadratic damping
using sparse time domain method (5% noise addition).
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Fig. 11 Estimation of equivalent damping for quadratic damping
using moving-block analysis (5% noise addition).

included in the estimation, the results are shown in Fig. 8.
There is a considerable improvement in damping estimation by
including an additional mode. It is however necessary to use
caution when including these singular values. If the oscilla-
tions are random, then these are typically associated with
noise; on the other hand, if the oscillations are deterministic
dominated by a few frequencies, then these are generally
caused by nonlinear damping behavior. In general, the pertur-
bations on the estimates may be reduced by the use of a large
block size with a large overlap between adjacent blocks (see
Fig. 6).

Similar results such as in Fig. 6 may be obtained for cou-
lomb damping. As an example, Fig. 9 shows damping esti-
mates for coulomb damping without the addition of an un-
damped response. These are produced by analysis of a smaller
data section (32 samples). Here it can be seen that superim-
posed oscillations occur in the regions of the response where
amplitudes are small. This shows that the deterministic oscilla-
tions are not due to the undamped response but are amplified
by it. It is important to note that the most nonlinear effects
occur at low amplitudes for coulomb-damped systems and at
high amplitudes for quadratically damped systems.

Effect of Noise
In the earlier results, there is no addition of noise to the

response data. To determine the effect of noise on the identifi-
cation techniques, zero-mean white noise with normal distri-
bution is added to the quadratically damped response. Addi-
tion of the noise is based on the ratio of the standard deviation

of the noise to the root-mean-square value of the response.
Figure 10 shows the effect of 5% noise addition on the damp-
ing estimation with the STD method using 80 and 160 samples
per damping estimate. There is a considerable error in the
estimated values. In Fig. 11, damping estimates are shown for
this case obtained by use of the moving-block analysis. Results
are calculated using two block sizes consisting respectively of
60 and 160 samples. As expected, the accuracy of estimated
values improve with larger block size. Comparison of Figs. 10
and 11 indicates that the estimates from both techniques are
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Fig. 12 Estimation of equivalent damping for quadratic damping
using moving-block method and four averages of data (5% noise
addition).
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not good for a small block of data (80 samples). However,
there is less randomness in the moving-block estimates. The
estimates may be improved in two ways. First, if the damping
is slowly varying with time as is the case here, a larger segment
of the data improves the damping estimates. This would
have the effect of smoothing the variations. As is shown in
Figs. 10 and 11, increasing the block size from 80 to 160
samples considerably improves the damping estimate. How-
ever, with the larger block size, estimates close to the starting
point of the data are lost. A second method is to average the
data from identical experiments. This effect is illustrated in
Fig. 12 for five averages, which when compared to Fig. 11
shows some improvement. This procedure however requires
identical experiments.

Averaging Effect of Algorithms
It is customary to estimate only one damping value per

transient response record. This value then represents (in some
sense) the equivalent damping of the entire section of the re-
sponse. It is of interest to know whether moving-block analysis
and the STD method determine the same (cumulative) damp-
ing values for the same length of nonlinear transient response.
Again two cases of nonlinear damping are examined. Figure 13
shows the estimated damping values for a coulomb-damped
system, where the transient response is generated using
Eq. (25) with y(0) = 5. A nonlinear least-square estimate of the
equivalent damping is also shown in Fig. 13. This estimate is
obtained by fitting the equation of a viscously damped single
degree of freedom to the data. For results, the response up to
a particular time is used to calculate the damping value that
correpsonds to that time. Subsequent damping values are cal-
culated by including more data points. It may be observed that
both the moving-block analysis and the STD techniques pro-
duce different values of linear damping from the same dura-
tion of transient response record. The estimated damping val-
ues for quadratic damping are shown in Fig. 14. This again
shows that damping values estimated by the two techniques
can be quite different using the same amount of transient
response record. This is less important for small data samples
but becomes significant for longer records. Results for mov-
ing-block analysis are relatively insensitive to block size as can
be seen from Fig. 15 in which the spectral amplitudes were
obtained using three different block sizes. This does not con-
tradict the behavior observed in Figs, la and Ib. In Fig. 15, all
of the data up to a particular duration are used to produce one
damping estimate. In Figs, la and Ib, only a few data points
centered at a particular time are used to produce the corre-
sponding damping estimate. The results of the STD method
are quite sensitive to the way the total number of samples are
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Fig. 15 Effect of block size on cumulative damping estimates for
quadratic damping using moving-block analysis.
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Fig. 16 Effect of data matrix arrangement on cumulative equivalent
damping estimates for quadratic damping using sparse time domain
method.

arranged in the data matrix (Fig. 16). The three cases studied
for the time domain method are as follows:

1) In case 1, the number of rows and columns of the data
matrix are the same, and adjacent rows and columns (in the
data matrix) are shifted by four samples [i.e., / = 4, p =4 in
Eq. (15)]. This is also the case shown in Fig. 14.

2) Case 2 is the the same as case 1, except that the columns
are shifted by eight samples and the rows by one sample.

3) In case 3, the data matrices have 30 more rows than
columns, the column shift is eight samples, and the row shift
is one sample.

These differences in the time domain technique are due to an
empirically observed sensitivity to data matrix arrangement
when noise is present in the data. This variation, however is
not able to account for all of the differences in the estimates
from the time domain and moving-block methods. The nonlin-
ear least-squares estimate represents an attempt to define a
cumulative damping estimate. It needs further investigation to
obtain an unambiguous definition of equivalent viscous damp-
ing over several cycles that can be used for correlation studies.

Conclusions
Equivalent linear viscous damping characteristics for a sys-

tem with nonlinear damping are identified from sampled,
noise, multimode transient response data using modified ver-

; sions of the moving-block analysis and sparse time domain
j technique. Data are simulated numerically to represent typical
rotor environment. Two types of nonlinear dampings are stud-

! ied, coulomb damping and quadratic damping. Based on this
study the following conclusions are drawn.

1) It is necessary to use a Manning window in the estimation
of equivalent damping using a moving-block analysis to avoid
large deviations of the estimates with small block sizes.

2) In the absence of noise and close modes, the sparse time
domain method requires fewer samples than the moving-block
method to accurately predict nonlinear damping characteris-
tics.

3) The presence of a large undamped response may sig-
nificantly affect the equivalent damping estimates obtained
from either the moving-block analysis or the sparse time do-
main method. In the moving-block technique, the estimates
get deteriorated by leakage effects, whereas in the modified
sparse time domain method, perturbations caused by lineariza-
tion are magnified.

4) Discrete frequency oscillations caused by nonlinearities
may be reduced by including additional singular values/vec-
tors in the singular value decomposition solution used with the
sparse time domain method.
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5) Measurement noise introduces random fluctuations in
the damping estimates, and these can be minimized by aver-
aging or by increasing the length of data for each damping
estimate.

6) In processing the same length of nonlinear transient re-
sponse record to obtain a damping value, estimates obtained
by the moving-block method and the sparse time domain
technique can be quite different even if signals are not polluted
by noise.
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